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Possibilities for observing signals of CPT and Lorentz violation in the spectroscopy
of hydrogen and antihydrogen are considered. We show that transitions be-
tween the c and d hyperfine sublevels in the 1S state can exhibit theoretically
detectable effects that would be unsuppressed by powers of the fine-structure con-
stant. This transition may therefore offer some advantages over 1S-2S two-photon
spectroscopy.
1 Introduction
The recent production and observation of antihydrogen (H)1,2 opens new possi-
bilities for precision tests of CPT symmetry. The two-photon 1S-2S transition
frequency has been measured to 3.4 parts in 1014 in an atomic beam of hy-
drogen (H) 3 and to about one part in 1012 in trapped H.4 It is hoped that an
eventual measurement of the line center to about 1 mHz, corresponding to a
resolution of one part in 1018, would be possible.5 If such precisions could also
be achieved in the spectroscopy of H, comparisons of corresponding frequencies
in H and H could yield stringent tests of CPT symmetry. Current proposals
for H spectroscopy involve both beam and trapped-atom techniques,6,7 and are
faced with a number of outstanding challenges including the issue of achieving
these precisions in trapped H and H.8 We consider the theoretical prospects
for placing appropriate bounds on CPT and Lorentz violation in experiments
involving the spectroscopy of free or magnetically trapped H and H.
All local Lorentz-invariant quantum field theories of point particles, includ-
ing the standard model and quantum electrodynamics (QED), are invariant
under the discrete symmetry CPT.9 Attempts to produce a fundamental the-
ory involving gravity often involve string theory and the spontaneous breaking
of these symmetries10 and, in these investigations, the status of CPT symmetry
is far less clear. Observable effects of CPT breaking are already known to be
small, and so it is reasonable to assume they would be suppressed by at least
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one power of the low-energy scale to Planck scale ratio. Thus, their detection
could occur only in extremely sensitive experiments.
In this proceedings, we show that effects of this type can appear in H and
H spectra at zeroth order in the fine-structure constant. In addition, these
effects are theoretically detectable not only in 1S-2S lines but also in hyperfine
transitions.
The framework of our analysis is an extension of the standard model
and QED11 that includes spontaneous CPT and Lorentz breaking at a more
fundamental level. Desirable features of this microscopic theory appear to
include energy-momentum conservation, gauge invariance, renormalizability,
and microcausality.11 Analyses in the context of this theoretical framework
have been done for photon properties,11 neutral-meson experiments,10,12,13,14
Penning-trap tests,15 and baryogenesis.16
2 Free H and H
We first consider the spectra of free H and H. For H, the electron of mass
me and charge q = −|e| in the proton Coulomb potential A
µ = (|e|/4pir, 0)
is described by a modified Dirac equation arising from the standard-model
extension. Taking iDµ ≡ i∂µ − qAµ, the four-component electron field ψ
satisfies
(
iγµDµ −me − a
e
µγ
µ − beµγ5γ
µ − 1
2
Heµνσ
µν + iceµνγ
µDν + ideµνγ5γ
µDν
)
ψ = 0
(1)
in units with h¯ = c = 1. CPT is violated by the two terms involving the
couplings aeµ and b
e
µ, while CPT is preserved by the three terms involving H
e
µν ,
ceµν , and d
e
µν . Lorentz invariance is broken by all five couplings, which are
assumed to be small.11 Free protons are also described by a modified Dirac
equation15 with corresponding couplings apµ, b
p
µ, H
p
µν , c
p
µν , and d
p
µν . It is possi-
ble to eliminate various combinations of these quantities through suitable field
redefinitions. In the following, we keep all couplings, thus showing explicitly
that these expressions are unobservable.11
Observable effects in the spectra of free H and H can be studied using
perturbative calculations in the context of relativistic quantum mechanics. In
this calculation, the unperturbed hamiltonians and their eigenfunctions are
identical for H and H. In addition, all perturbative effects from conventional
quantum electrodynamics are also the same in both systems. However, the
perturbations arising from the CPT- and Lorentz-breaking couplings for the
electron in H can differ from those for the positron in H. These perturbations
are obtained from Eq. (1) by a standard method involving charge conjugation
(for H) and field redefinitions.15 Similarly, additional energy perturbations are
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generated by the CPT- and Lorentz-breaking couplings for the proton and
antiproton, and can be obtained to leading order via relativistic two-fermion
techniques.17
Let the (uncoupled) electronic and nuclear angular momenta be denoted
by J = 1/2 and I = 1/2 respectively, with third components mJ , mI . Using a
perturbative calculation, the energy corrections for the basis states |mJ ,mI〉
can be found. For protons or antiprotons, we find that the leading-order energy
corrections for spin eigenstates have the same mathematical form as those for
electrons or positrons, except for the replacement of superscripts e with p on
the CPT- and Lorentz-violating couplings.
In H, we find that the leading-order energy shifts in the 1S level are iden-
tical to those in the 2S level. Taking mp for the proton mass, the shifts are
∆EH(mJ ,mI) ≈ (a
e
0 + a
p
0
− ce00me − c
p
00
mp)
+(−be
3
+ de
30
me +H
e
12
)mJ/|mJ |
+(−bp
3
+ dp
30
mp +H
p
12
)mI/|mI | . (2)
Similarly, for H, the leading-order energy shifts ∆EH in the 1S levels are
identical to those in the 2S levels, and are given by the expression (2) with the
substitutions aeµ → −a
e
µ, d
e
µν → −d
e
µν , H
e
µν → −H
e
µν ; a
p
µ → −a
p
µ, d
p
µν → −d
p
µν ,
Hpµν → −H
p
µν . We note that because Eq. (2) contains spatial components of
the couplings, it would be necessary to take into account the geometry when
comparing results from different experiments. For example, measurements
taken at different times of the day would be sensitive to different projections
of the couplings due to the rotation of the Earth.
The electron and proton spins in H are coupled by the hyperfine inter-
action, and this is also the case for the positron and antiproton spins in H.
The total angular momentum F must be considered, and the appropriate ba-
sis states become linear combinations |F,mF 〉 of the |mJ ,mI〉 states. The
allowed two-photon 1S-2S transitions satisfy the selection rules ∆F = 0 and
∆mF = 0.
18 There are thus four allowed transitions for both H and H, those for
which the spins remain unchanged. However, no leading-order effects appear
in the frequencies of any of these transitions, because according to Eq. (2) the
1S and 2S states with identical spin configurations have identical leading-order
energy shifts. Thus in the present theoretical context, there are no signals
of Lorentz or CPT violation in free H or in free H at leading-order in 1S-2S
spectroscopy. This agrees with results found previously15 for the Penning trap,
showing that observable CPT-violating effects must also involve CT violation
and a spin-flip.
To overcome this limitation, one could consider the dominant subleading
energy-level shifts involving the CPT- and Lorentz-breaking couplings in free
3
H and H. These would be hard to detect because they arise as relativistic
corrections of order α2. They do, however, differ for some of the 1S and 2S
levels and therefore observable effects could in principle occur. An example
is the term proportional to be
3
in Eq. (1), which produces a frequency shift in
the mF = 1 → mF ′ = 1 line relative to the mF = 0 → mF ′ = 0 line (which
remains unshifted), given by
δνH
1S−2S ≈ −α
2be
3
/8pi . (3)
A similar suppression by a factor at least of order α2 ≃ 5×10−5 would occur in
the proton-antiproton corrections. As a result of these suppressions, Penning-
trap g−2 experiments are likely to be more sensitive to some of the CPT- and
Lorentz-violating quantities than experiments involving 1S-2S spectroscopy in
free H and H. In fact, the estimated attainable bound15 on be
3
obtained with
existing technology in anomaly-frequency comparisons with electron-positron
Penning-trap experiments would suffice to place a bound of δνH
1S−2S ∼< 5 µHz
on observable shifts of the 1S-2S frequency in free H from the electron-positron
sector. This is beyond the resolution of 1S-2S spectroscopy. For the proton-
antiproton quantities in the standard-model extension, experiments have not
yet been performed, but bounds attainable would also yield tighter constraints
on these parameters than would be possible in 1S-2S spectroscopy.
It is relevant to ask why g − 2 experiments are potentially more sensitive
to observable effects than comparisons of 1S-2S transitions in free H and H.
This is surprising because the conventional figure of merit for CPT breaking
in electron-positron g − 2 experiments,19
rg = |ge− − ge+ |/gav ∼< 2× 10
−12 , (4)
is six orders of magnitude weaker than the idealized resolution of the 1S-2S
line, ∆ν1S−2S/ν1S−2S ≃ 10
−18. However, the figure of merit rg in Penning-
trap g − 2 experiments is inappropriate in the present theoretical context.15
The point is that the experimental sensitivity to CPT- and Lorentz-violating
effects is determined by the absolute frequency resolution for unsuppressed
transitions. The idealized 1S-2S line-center resolution is about 1 mHz, which
would appear to be better than the 1 Hz absolute frequency resolution in g−2
measurements. However, g− 2 experiments are directly sensitive to be
3
because
they involve spin-flip transitions, whereas the 1S-2S transitions in free H or
H are sensitive only to the suppressed combination α2be
3
/8pi. As a result, the
bound on be
3
from electron-positron g− 2 experiments is thus about two orders
of magnitude sharper than that from 1S-2S comparisons.
In addition to the 1S-2S transition, there are certainly others available in
H and H. The above discussion suggests that transitions between states with
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different spin configurations might yield tighter bounds. Such experiments
would require external fields to select particular spin states.
3 Trapped H and H
We next consider spectroscopy of H or H in the presence of a uniform magnetic
field. A way to do this is by confining the particles in a magnetic trap such
as an Ioffe-Pritchard trap,20 and imposing an axial bias magnetic field. The
situation is directly relevant to proposed experiments.7 In the following, we
denote each of the 1S and 2S hyperfine Zeeman levels in order of increasing
energy in a magnetic field B by |a〉n, |b〉n, |c〉n, |d〉n, with n = 1 or 2, for both
H and H. In the case of H, the four states expressed in terms of the basis states
|mJ ,mI〉 are
|d〉n = |
1
2
, 1
2
〉 ,
|c〉n = sin θn|−
1
2
, 1
2
〉+ cos θn|
1
2
,− 1
2
〉 ,
|b〉n = |−
1
2
,− 1
2
〉 ,
|a〉n = cos θn|−
1
2
, 1
2
〉 − sin θn|
1
2
,− 1
2
〉 . (5)
The mixing angles θn are functions of the magnetic field, and are different for
the 1S and 2S states:
tan 2θn ≈
(51 mT)
n3B
. (6)
The states |c〉1 and |d〉1 are low-field seekers, and in principle remain confined
near the magnetic-field minimum of the trap. However, a population loss
occurs due to spin-exchange collisions |c〉1+ |c〉1 → |b〉1+ |d〉1 of the |c〉1 states
over time, so that primarily |d〉1 states are confined.
A transition that would seem natural to consider is that between the
unmixed-spin states |d〉1 and |d〉2 because it is field independent for practi-
cal values of the magnetic field. The idea would be to compare the frequency
νHd for the 1S-2S transition |d〉1 → |d〉2 in H with the frequency ν
H
d for the
corresponding spectroscopic line in H. But, in H the spin configurations of the
|d〉1 and |d〉2 states are the same, so any shifts occurring are again suppressed.
The same is true for H, and so we find
δνHd = δν
H
d ≃ 0 (7)
at leading order.
Another transition of theoretical interest would be the 1S-2S transition
|c〉1 → |c〉2 in H and the analogous H transition. The point would be to exploit
5
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Figure 1: The dimensionless functions κ and κˆ. For κ, the maximum value of approximately
0.67 occurs at about 0.011 T. The function κˆ increases to within about two percent of its
asymptotic value (one) as the magnetic field is increased from zero to 0.25 Tesla.
the spin mixing of these states in a nonzero magnetic field. An unsuppressed
frequency shift would arise because the hyperfine splitting depends on n, thus
producing a spin difference between the 1S and 2S levels in this 1S-2S transition
between |c〉1 and |c〉2:
δνHc ≈ −κ(b
e
3
− bp
3
− de
30
me + d
p
30
mp −H
e
12
+Hp
12
)/2pi . (8)
In this expression, κ is a spin-mixing function given by
κ ≡ cos 2θ2 − cos 2θ1 . (9)
This function is always less than one, so to avoid losing sensitivity the optimal
situation would involve the largest possible value. This maximum is κ ≃ 0.67
and occurs at B ≃ 0.011 T, as illustrated in Figure 1.
The corresponding 1S-2S shift δνHc for H in the same magnetic field can
also be found. Relative to a fixed magnetic field, the hyperfine states in H have
opposite positron and antiproton spins compared to the electron and proton
spins in H. As a result, the expression for δνHc is identical to that for δν
H
c
6
in Eq. (8) except that the signs of be
3
and bp
3
are changed. The frequencies
νHc and ν
H
c depend on spatial components of Lorentz-violating couplings and
would therefore vary diurnally in the comoving Earth frame. Another effect
would be an istantaneous difference
∆ν1S−2S,c ≡ ν
H
c − ν
H
c ≈ −κ(b
e
3 − b
p
3
)/pi (10)
for measurements made in the same magnetic trapping fields.
The transition |c〉1 → |c〉2 when compared with the transition |d〉1 → |d〉2
is theoretically more sensitive to CPT and Lorentz violation by a factor of
order 4/α2 ≃ 105. However, the 1S-2S transition |c〉1 → |c〉2 in H and H
depends on the magnetic field, and the resultant Zeeman broadening due to
the inhomogeneous trapping fields would have to be overcome. Even at a
temperature of 100µK, the transition in both H and H would be broadened
to over 1 MHz for B ≃ 10 mT. This would severely hinder the experimental
attainment of resolutions on the order of the natural line width.
Figure 2 illustrates one case for the conventional and perturbed frequencies
in the four 1S-2S transitions. In this figure, bp
3
> 0 and all the other couplings
are zero.
4 Hyperfine Transitions
We now consider the possibilities for spectroscopy of the hyperfine 1S levels.
Motivated by the fact that transitions between the F = 0 and F ′ = 1 hyperfine
states can be measured with accuracies better than 1 mHz in a hydrogen
maser,21 hyperfine transitions in masers and in trapped H and H are worth
considering for tests of CPT and Lorentz symmetry.
The energy levels of all four hyperfine states in the ground state of hy-
drogen are shifted due to CPT- and Lorentz-violating effects. All the shifts
contain an identical contribution ae
0
+ ap
0
− ce
00
me − c
p
00
mp that leaves energy
differences unaffected. The remaining spin-dependent terms are
∆EHa ≃ κˆ(b
e
3
− bp
3
− de
30
me + d
p
30
mp −H
e
12
+Hp
12
) ,
∆EHb ≃ b
e
3 + b
p
3
− de30me − d
p
30
mp −H
e
12 −H
p
12
,
∆EHc ≃ −∆E
H
a , ∆E
H
d ≃ −∆E
H
b , (11)
where κˆ ≡ cos 2θ1. If there is no magnetic field, then κˆ = 0 and the energies of
|a〉1 and |c〉1 are unshifted. However, equal and opposite energy shifts occur
for |b〉1 and |d〉1. The degeneracy of the three F = 1 ground-state hyperfine
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Figure 2: Conventional and perturbed frequencies for the 1S-2S transition as a function of
magnetic field. The vertical scale is the shift in the usual Bohr-model 1S-2S frequency of
about 2.5×1015 Hz. The bold lines are for the conventional frequencies, the fainter solid line
is for the perturbed hydrogen transition frequencies, and the dashed line is for the perturbed
antihydrogen frequencies. We have taken bp
3
> 0, with all other couplings zero. The upper
set of three lines represents the |a〉1 → |a〉2 transition, and the lower set the |c〉1 → |c〉2
case. The single straight line is for the |b〉1 → |b〉2 and |d〉1 → |d〉2 cases, showing how these
transitions are field independent and unperturbed by the bp
3
coupling.
levels is therefore removed even for B = 0.b For instance, the |d〉1 → |a〉1
and |b〉1 → |a〉1 transitions differ in their frequencies by the unsuppressed and
diurnally varying quantity
|∆νHd−b| ≈ |b
e
3
+ bp
3
− de
30
me − d
p
30
mp −H
e
12
−Hp
12
|/pi . (12)
In the presence of a magnetic field, all four hyperfine Zeeman energy levels are
shifted. For the |a〉1 and |c〉1 states, the spin-mixing function κˆ controls the
bNo conflict with Kramer’s theorem occurs in the breaking of the |b〉-|d〉 degeneracy at zero
field, because the Lorentz-violating coefficients in Eq. (11) break time-reversal symmetry.
A possible method of detecting the splitting might involve looking directly for a difference
frequency.
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Figure 3: Hyperfine levels for 1S states versus magnetic field. The vertical axis represents
the shift in energy (in frequency units) relative to the usual Bohr-model n = 1 energy of
−13.6 eV. The bold solid line is for the unperturbed case, the finer solid line and the dashed
lines are for hydrogen and antihydrogen respectively. We have taken bp
3
> 0 and all other
couplings zero.
shifts. As B increases from zero, κˆ increases, attaining κˆ ≃ 1 when B ≃ 0.3 T.
The function κˆ is illustrated in Fig. 1. The shifts in the energy levels as given
in Eq. (11) are partially illustrated in Figure 3.
The usual H maser employs a small (B ∼< 10
−6 T) magnetic field and works
with the field-independent σ transition |c〉1 → |a〉1. The leading-order effects
from CPT and Lorentz violation in high-precision measurements of this line
|c〉1 → |a〉1 are suppressed, because for this situation κˆ ∼< 10
−4. However, a
shift ∆νHd−b does occur in the frequency difference between the field-dependent
transitions |d〉1 → |a〉1 and |b〉1 → |a〉1 relative to the conventional value, and
the associated diurnal variations would provide an unsuppressed signal of CPT
and Lorentz violation. The resolution of this difference would be reduced by
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broadening due to field inhomogeneities. In addition, it would be necessary to
distinguish it from possible backgrounds due to residual Zeeman splittings.
The direct comparison of transitions between hyperfine Zeeman levels in
H and H could address the issue of background splittings. Moreover, the
magnetic-field dependence of the frequency could be eliminated to first order by
working at an appropriate value of the field. One option might be to consider
high-resolution spectroscopy at the field-independent transition point B ≃
0.65 T on the |d〉1 → |c〉1 transition in trapped H and H. Experimental hurdles
would include Doppler broadening and potentially larger field inhomogeneities
due to the relatively high bias field. Obtaining frequency resolutions of order
1 mHz would be a challenge, requiring cooling to temperatures of order 100
µK with a good signal-to-noise ratio and a stiff box shape for the trapping
potential.
At this bias-field strength, the electron and proton spins in state |c〉1 inter-
act more strongly with the field than with each other and are highly polarized
with mJ = 1/2 and mI = −1/2. Thus, the transition |d〉1 → |c〉1 is in essence
a proton spin-flip. For this transition, we obtain frequency shifts
δνHc→d ≈ (−b
p
3
+ dp
30
mp +H
p
12
)/pi ,
δνHc→d ≈ (b
p
3
+ dp
30
mp +H
p
12
)/pi (13)
for H and H respectively. One way to detect such terms would be to search
for diurnal variations in the frequencies νHc→d and ν
H
c→d. Another possibility
would be to consider their instantaneous difference,
∆νc→d ≡ ν
H
c→d − ν
H
c→d ≈ −2b
p
3
/pi . (14)
This difference could provide a direct, clean, and sharp test of the CPT-
violating coupling bp
3
for the proton.
We can introduce dimensionless figures of merit appropriate for experi-
ments investigating various direct and diurnal-variation signals. This is done
in analogy with definitions made for similar tests in Penning traps.15 As an
example, a figure of merit for the signal in Eq. (14) could be chosen as
rHrf,c→d ≡ |(E
H
1,d − E
H
1,c)− (E
H
1,d − E
H
1,c)|/E
H
1,av
≈ 2pi|∆νc→d|/mH . (15)
Here, EH
1,d, E
H
1,c and the corresponding quantities for H are relativistic energies
in ground-state hyperfine levels, and mH is the atomic mass of H. If, for exam-
ple, a frequency resolution of 1 mHz were attained, this would correspond to an
upper bound of about rHrf,c→d ∼
< 5 × 10−27. The CPT- and Lorentz-violating
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coupling bp
3
would then be limited to |bp
3
| ∼< 10
−18 eV. This is about three orders
of magnitude better than estimated attainable bounds15 from g−2 experiments
in Penning traps and more than four orders of magnitude better than the limit
attainable from 1S-2S transitions. We also note that the frequency resolution
of high-precision clock-comparison experiments, which can also bound Lorentz
violation, lies below 1 µHz.22 In these experiments, leading-order bounds are
obtained on bp
3
in combination with other couplings.23 Since the nuclei involved
are relatively complex, the theoretical analysis prevents bp
3
from being isolated.
The experiments discussed here are sensitive only to spatial components of
CPT-violating couplings. A boost would be needed to be sensitive to timelike
components such as be0, and would also enhance CPT- and Lorentz-violating
effects.14 This would be an advantage of the proposed experiments 6 measuring
the fine structure and Lamb shift with a relativistic beam of H. Although
they would probably have poorer resolutions than the others discussed here,
constraints on be
0
and bp
0
may be possible.
In conclusion, we have shown that 1S-2S transitions involving the mixed-
spin |c〉 states as well as the spin-flip |d〉1 → |c〉1 hyperfine transition could
give rise to signals of Lorentz and CPT violation in magnetically confined H
or H atoms. These signals would not be suppressed by powers of the fine-
structure constant. They would indicate observable and qualitatively new
physics originating at the Planck scale.
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